1. Scale independent

y =24 4my
T x T
Substitution y = x - u leads to
v’ =ulnu
(separable)
du _dz
ulnu =z
Inlnu = Inx+¢é
Inu = cx
v = e
y = ze”
2. Clairaut

y=uxy —y' In(y)

Regular solutions

y=Czx—CInC
Since g(p) = —plnp, we get
z——¢g'(p) = Inp+1
p = ex—l
y = xe" e Hr—-1)=¢e"""!

(singular).
3. Missing y (or Cauchy, but that makes it more difficult). Introducing z = y’
xZ =z+Inx
(linear). Solving homogeneous

xZ = z

d: _ do
z oz

Inz = Inz+¢
z = C-z

Substitute into full equation

2(C'r+C) = Cx+lnx
Inz
C = _hl_x_l+61
r



which implies

z = yY=—lnz-1+cz

2

z 5 2
—xlnac—l—cl?—i—cQ:—xlnx—i—clx + co

Y

. Cauchy
22y —zy +y=zlnz

Characteristic polynomial is
mim—1)—m+1=m?—-2m+1=(m— 1)

The two basic solutions (to homogeneous part) are x and zlnz. Using
undetermined coefficients:

Yp = (Alnz + B)x - (Inz)?
Substituting, one gets
(6A—1)lnz+2B=0

which implies that A = % and B = 0. Answer:
y=cix+crlnx+ %(lnx)?’

. Characteristic polynomial is
A4 AN - 207 — 12049

divided by A — 1: )
A 5N 430 -9

further divided by A — 1:
N +6X+9

so the four roots are 1, 1, 3 and 3. The homogeneous solution is
yn = c1€% + coxe® + c3e 3T + cpxe 3"
Using undetermined coefficients
yp = (Az + B)e” - 2*
Substituting (with the help of Maple), we get
(96A — 1)z +48A+32B =0

implying that A = % and B = —%A = —é. Solution:

3 2
T T
= 1% + come® + c3e 3T + cqze T — ——]e”
Yy =cre” +c2 +c3 +ca +<96 64)



6. Cauchy. Characteristic polynomial is

m(m —1)(m —2)(m — 3) + 11lm(m — 1)(m — 2) + 28m(m — 1) + 8m — 8
=m* +5m® + 6m? —4m — 8
Dividing by m — 1: )
m® +6m? + 12m + 8

The greatest common divisor of this polynomial and its derivative is
(m+2)
implying that 1 is a single root and —2 is a triple root. Thus
y=ciz+z %[co+cslnz + cq(Inz)?]
To meet the initial conditions, we need (use Maple to evaluate derivatives)

ci+ce = 3
1 —2co+c3 =
6co — beg +2¢4 =
—24co + 26c3 — 18c3 = -1

which can be solved with the help of ’linsolve’, to yield ¢; = %, cy = 3—(7),

c3 = % and ¢4 = %. Thus

6l _,[20 11 5.
—— 2L 20
y=57te 7 |7 T ghetging



