. Let X1, X5, X3 and X4 have a multivariate Normal distribution with
respective means of 3, —4, 2, 0 and 5, and the variance-covariance matrix
of
1 -4 3 -2 7
-4 5 -2 1 -6
V= 3 -2 9 0 10
-2 1 0 1 -2
7T -6 10 -2 17

(verify that it is positive definite). Find a 5 x 5 upper-triangular matrix
A (with positive main-diagonal elements) such that V = ATA. Also: what
is the conditional distribution of X5, X, given that X; = 1.5, X3 = —1.2
and X5 =T.

. Find the probability density function of n consecutive observations of a
stationary time series based on the Yule model (with 3 parameters: a;,
ag and 0?). Assume that n > 4.

. Using the first set of data provided on the web site, find the maximum-
likelihood estimators for u, o and p of the following model:

Xi=p+pXio1—p) +&
where ¢; are 1ID from N(0,0).
. Using the second set of data and the following formula
Yy XiXig
N
> X7

estimate and plot the values of the first 50 serial correlation coefficients
(p1 to psg). Also estimate and plot the spectral density (at 3 = 47 where
j=0,1,.... 40). Smooth out the resulting graph by means of the following
"Tukey’” window:

T =

1+ cos &£
k) = TM

using M = 25.
. Consider the following ARMA model:
X;=-16X;_1 —09X; 2 +e;+ei_1+6&i2

where ¢; are independent, Normally distributed with the mean equal to
zero and o = 1.7.
(a) Compute and plot p, for k =1,2,...50.

(b) Find (express as a rational function of cos 8 and cos 23) and plot the
process’ spectral density.



(¢) Find
Pr(Xs12 > 4.9 | X311 = =3.5N X310 = 2.4 N X309 = —1.8)
6. Suppose we need to estimate the first few moments of
9(Xx)

We already know that

2

Blg(X)] =~ g()+9"(Wgy
2

20

Var [9(%)] = ¢'(n)%

where p and o are the mean and standard deviation of the X distribution,
and N is the sample size.

Apply these formulas to find the corresponding approximation to the ex-
pected value and variance of %, when sampling from an exponential distri-
bution with the mean equal to 3. Compare with the exact results (which,
for this simple situation, can be found analytically).

Optional: Find a similar approximation for the third central moment of
9(X).



