
In[1]:= << DiscreteMath`Combinatorica`

In[2]:= Unprotect@Times, PowerD;
In[3]:= Sk_ Sj_ := Module@8n1 = Length@kD, n2 = Length@jD, k1, k2, p, q, x, y, res = 0, N = 0<,8k1, k2, n1, n2< = If@n1 < n2, 8j, k, n2, n1<, 8k, j, n1, n2<D;

p = Sort@Table@NthSubset@i, k2D, 8i, 0, 2n2 − 1<DD;
q = Reverse@pD;
Do@x = Permutations@PadRight@p@@iDD, n1, NDD;
y = Length@p@@iDDD!ê Length@Permutations@p@@iDDDD;
Do@res = res + y SSort@Join@k1+x@@mDD,q@@iDDD,GreaterD, 8m, 1, Length@xD<D, 8i, 1, 2n2<D; resD

In[4]:= HSk_Lm_ := Module@8res = Sk<, Do@res = Expand@Sk resD, 8j, m − 1<D; Expand@resDD
In[5]:= Expand@HS82,1< + S81<L S83,1<D
Out[5]= S83,2< + S84,1< + S84,3< + S85,2< + S83,1,1< + S83,2,2< + S83,3,1< + S84,2,1< + S85,1,1< + S83,2,1,1<
In[6]:= Sk_ Sj_ := Module@8n1 = Length@kD, n2 = Length@jD, k1, k2, p, q, x, y, res = 0, N = k@@1DD 0<,8k1, k2, n1, n2< = If@n1 < n2, 8j, k, n2, n1<, 8k, j, n1, n2<D;

p = Sort@Table@NthSubset@i, k2D, 8i, 0, 2n2 − 1<DD;
q = Reverse@pD;
Do@x = Permutations@PadRight@p@@iDD, n1, NDD;
y = Length@p@@iDDD!ê Length@Permutations@p@@iDDDD;
Do@res = res + y SSort@Join@k1+x@@mDD,q@@iDDD,lexiD, 8m, 1, Length@xD<D, 8i, 1, 2n2<D; resD

In[7]:= lexi@A_, B_D := Module@8N = Length@AD<,
Which@N == 0 »» A@@1DD > B@@1DD, True,
A@@1DD < B@@1DD, False,
A@@1DD m B@@1DD, lexi@Drop@A, 1D, Drop@B, 1DDDD

In[8]:= Expand@S882,0<,81,0<< S882,1<<^2D
Out[8]= 2 S884,1<,83,1<< + S885,2<,82,0<< + S886,2<,81,0<< + 2 S883,1<,82,1<,82,0<< +

2 S884,1<,82,1<,81,0<< + S884,2<,82,0<,81,0<< + S882,1<,82,1<,82,0<,81,0<<
In[9]:= Expand@S881,1,1<<^3D
Out[9]= S883,3,3<< + 3 S882,2,2<,81,1,1<< + S881,1,1<,81,1,1<,81,1,1<<
In[10]:= EV@A_D := FixedPoint@Expand, AD ê. Sk_ → esip@kD ê. esip → ESIP êê PowerExpand êê Together
In[11]:= ESIP@k_D := Module@8N = Length@kD, res<,

res = Binomial@n, ND N!; Do@res = res MOMENT@k@@iDDD, 8i, N<D; resD
In[12]:= MOMENT@k_D := D@Exp@λ HExp@tD − 1LD, 8t, k@@1DD<D ê. t → 0 êê Simplify
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In[13]:= EV@HS881<< ê n − λL3D
Out[13]=

λ
ccccccc
n2

In[14]:= MOMENT@k_D :=

D@Exp@µ1 t1 + µ2 t2 + Hσ12 t12 + σ22 t22 + 2 ρ σ1 σ2 t1 t2Lê 2D, 8t1, k@@1DD<, 8t2, k@@2DD<D ê.8t1 → 0, t2 → 0< êê Simplify
In[15]:= EV@HS881,0<< ên − µ1L HS880,1<< ê n − µ2LD
Out[15]=

ρ σ1 σ2ccccccccccccccccc
n

In[16]:= MOMENT@k_D := D@pêHExp@−tD − 1 + pL, 8t, k@@1DD<D ê. t → 0 êê Simplify
In[17]:= HSeries@EV@Series@Hn − 1LêHε HS881<< − nêpL + nê p − 1L, 8ε, 0, 6<D êê NormalD ê.8ε → 1, n → 1 êv<, 8v, 0, 3<D êê SimplifyL ê. v → 1ên
Out[17]= p + OA 1cccc

n
E4

In[18]:= HSeries@EV@Series@HHn − 1LêHε HS881<< − nê pL + nêp − 1L − pL2, 8ε, 0, 6<D êê NormalD ê.8ε → 1, n → 1 êv<, 8v, 0, 3<D êê SimplifyL ê. v → 1ên
Out[18]= −

H−1 + pL p2
cccccccccccccccccccccccccccc

n
+ 2 H−1 + pL2 p2 J 1

cccc
n
N2 − 2 HH−1 + pL2 p2 H−2 + 3 pLL J 1

cccc
n
N3 + OA 1cccc

n
E4

In[19]:= HSeries@EV@Series@HHn − 1LêHε HS881<< − nê pL + nêp − 1L − pL3, 8ε, 0, 6<D êê NormalD ê.8ε → 1, n → 1 êv<, 8v, 0, 3<D êê SimplifyL ê. v → 1ên
Out[19]= H−1 + pL p3 H−4 + 5 pL J 1cccc

n
N2 − 4 HH−1 + pL p3 H5 − 13 p + 8 p2LL J 1

cccc
n
N3 + OA 1cccc

n
E4

In[20]:= HSeries@EV@Series@HHn − 1LêHε HS881<< − nê pL + nêp − 1L − pL4, 8ε, 0, 6<D êê NormalD ê.8ε → 1, n → 1 êv<, 8v, 0, 3<D êê SimplifyL ê. v → 1ên
Out[20]= 3 H−1 + pL2 p4 J 1cccc

n
N2 − H−1 + pL p4 H42 − 102 p + 61 p2L J 1cccc

n
N3 + OA 1cccc

n
E4

In[21]:= MOMENT@k_D :=

D@Exp@Ht12 + t22 + 2 ρ t1 t2Lê 2D, 8t1, k@@1DD<, 8t2, k@@2DD<D ê. 8t1 → 0, t2 → 0< êê Simplify
In[22]:= r = Hε H S881,1<< ê n − ρL + ρ − ε2 S880,1<< S881,0<< ên2L í"###################################################################################################################################################################################Hε HS882,0<< ê n − 1L + 1 − ε2 S881,0<<2 ên2L Hε HS880,2<< ên − 1L + 1 − ε2 S880,1<<2 ên2L ;
In[23]:= µ = Collect@Collect@Series@r, 8ε, 0, 6<D êê Normal, ε, EVD ê. ε → 1, n, FactorD ê. ni_ê;i<−3 → 0

Out[23]= ρ +
H−1 + ρL ρ H1 + ρL
ccccccccccccccccccccccccccccccccccccccccccc

2 n
+
3 H−1 + ρL ρ H1 + ρL H1 + 3 ρ2L
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

8 n2
+
3 H−1 + ρL ρ H1 + ρL H1 − 2 ρ2 + 25 ρ4L
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

16 n3

In[24]:= µ2 = Collect@
Collect@Series@r2, 8ε, 0, 6<D êê Normal, ε, EVD ê. ε → 1, n, FactorD ê. ni_ê;i<−3 → 0;

CompStat_A.nb 2



In[25]:= Var = Collect@µ2 − µ2, n, FactorD ê. ni_ê;i<−3 → 0

Out[25]=
H−1 + ρL2 H1 + ρL2
cccccccccccccccccccccccccccccccccccccccccccc

n
+
H−1 + ρL2 H1 + ρL2 H2 + 11 ρ2L
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 n2
+
H−1 + ρL2 H1 + ρL2 H2 − 2 ρ2 + 75 ρ4L
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

2 n3

In[26]:= µ3 = Collect@
Collect@Series@r3, 8ε, 0, 6<D êê Normal, ε, EVD ê. ε → 1, n, FactorD ê. ni_ê;i<−3 → 0;

In[27]:= CollectASeriesA µ3 − 3 µ2 µ + 2 µ3
cccccccccccccccccccccccccccccccccccccccc

Var3ê2 ê. n → 1êw, 8w, 0, 2<E êê Normal,
w, Simplify@#, ρ2 < 1D &E ê. w → 1ên

Out[27]= −6$%%%%%%1cccc
n

ρ + J 1cccc
n
N3ê2 J12 ρ − 77 ρ3

cccccccccccccc
2

N
In[28]:= µ4 = Collect@

Collect@Series@r4, 8ε, 0, 6<D êê Normal, ε, EVD ê. ε → 1, n, FactorD ê. ni_ê;i<−3 → 0;

In[29]:= CollectASeriesA µ4 − 4 µ3 µ + 6 µ2 µ2 − 3 µ4
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Var2
ê. n → 1êw, 8w, 0, 1<E êê Normal,

w, Simplify@#, ρ2 < 1D &E ê. w → 1ên
Out[29]= 3 +

−6 + 72 ρ2
ccccccccccccccccccccccccc

n

In[30]:= µ = Collect@Collect@Series@ArcTanh@rD, 8ε, 0, 6<D êê Normal, ε, EVD ê. ε → 1, n, FactorD ê.
ni_ê;i<−3 → 0

Out[30]=
ρ
cccccccc
2 n

+
ρ H9 + ρ2L
ccccccccccccccccccccccccc

8 n2
+
3 ρ H13 + 2 ρ2 + ρ4L
cccccccccccccccccccccccccccccccccccccccccccccc

16 n3
+ ArcTanh@ρD

In[31]:= µ2 = Collect@Collect@Series@ArcTanh@rD2, 8ε, 0, 6<D êê Normal, ε, EVD ê. ε → 1, n, FactorD ê.
ni_ê;i<−3 → 0;

In[32]:= Var = Collect@µ2 − µ2, n, FactorD ê. ni_ê;i<−3 → 0

Out[32]=
1
cccc
n
+
6 − ρ2
ccccccccccccccc
2 n2

+
52 − 12 ρ2 − 3 ρ4
ccccccccccccccccccccccccccccccccccccccc

6 n3

In[33]:= µ3 = Collect@Collect@Series@ArcTanh@rD3, 8ε, 0, 6<D êê Normal, ε, EVD ê. ε → 1, n, FactorD ê.
ni_ê;i<−3 → 0;

In[34]:= CollectASeriesA µ3 − 3 µ2 µ + 2 µ3
cccccccccccccccccccccccccccccccccccccccc

Var3ê2 ê. n → 1êw, 8w, 0, 2<E êê Normal,
w, Simplify@#, ρ2 < 1D &E ê. w → 1ên

Out[34]= J 1cccc
n
N3ê2 ρ3

In[35]:= µ4 = Collect@Collect@Series@ArcTanh@rD4, 8ε, 0, 6<D êê Normal, ε, EVD ê. ε → 1, n, FactorD ê.
ni_ê;i<−3 → 0;
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In[36]:= CollectASeriesA µ4 − 4 µ3 µ + 6 µ2 µ2 − 3 µ4
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

Var2
ê. n → 1êw, 8w, 0, 1<E êê Normal,

w, Simplify@#, ρ2 < 1D &E ê. w → 1ên
Out[36]= 3 + 2

cccc
n
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