[20]

BROCK UNIVERSITY

Page 1 of 10
Final Examination: December 2004 Number of Pages: 10
Course: Math 2P12 Number of students: 67
Date of Examination: December 14, 2004 Number of hours: 3
Time of Examination: 8:00 - 11:00 Instructor: Y. Li

No examination aids other than those specified are permitted. Use or possession of
unauthorized materials will automatically result in the award of a zero grade for this
examination. A minimum of 30% must be obtained on this examination in order to
achieve a passing grade in the course.

Name ||Student Number

1. There are 10 multiple choice questions and they are worth 2 points each. Circle the right
answer for each of the following:

(1) Which of the following sets is not a subspace of Mas.

.

(A) All 2 x 2 matrices Z d such that a +c+1 =d.
(B) All 2 x 2 matrices CCL Z such that ¢ +d = 0.
(C) All 2 x 2 matrices ﬁ Z such that a 4+ ¢ = d.
(D) All 2 x 2 matrices Z Z such that a +b+ ¢ =0.

(E) All 2 x 2 matrices A such that A = A"
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(2)

What is the dimension of the subspace of My, consisting of all 2 x 2 matrices [ 8 Z ]
with a +d = 07

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

For which value of k, the vectors v; =  — 22%,v9 = 1 + 2 + 2%, and v3 = 1 + 22 — ka?
are linearly dependent in P,.

(A) 2 (B) 1 (©)o (D) —1 (E) None of the others.
. -1 _3 O 1 2 5 .
If an 2 x 2 matrix M = P 0 —1 P, where P = 111 then M is
[ 243 484 ]
(4) | —242 485 |

241 484 |
(B) | —242 485 |

241 486 |
() | —242 —486 |

241 484 |
(D) | 242 —486 |

(E) None of the others.

Let T : R®— > R® be a linear transformation. If the nullity of 7" is 3, then the rank of
T is
(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

Let B = {f1, f2, f3} be the basis for P, where fi = 1+z, fo =1—2z, f3 =1+ + 22
Then the coordinate matrix of 2 + 5x + 222 relative to B is

—1 —1 1 1
(A)| 2 ] (B)| -1 (C)| -1 (D)| -1 (E) None of the others.
2 -2 —2 2

Let T : R* — R? be the linear transformation such that 7'(1,0,0) = (1,1),7(1,0,1) =
(0,4),7(1,1,1) = (1,2). Then T(2,2,1) is

(A) 3,1) (B) (=3,1) (C) 3,-1) (D) (=1,-3) (E) (=3,-1)
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(8) Let T : P, — P, be the linear transformation defined by T'(ag + a1x + asx?) =
(ap + 3a1) — (2ap — ay + 3az)x. Then the matrix [T'|p g for T with respect to bases
B ={1,z,2?} and B’ = {1,x} for P, and P, is

W[l
[0
@[]

I

(E) None of the others.

(9) Which of the following is equal to the complex number Oﬂxlfm

(A) 5 (B) % (C) =5 (D)= (E) 55
3+ 21 0
(10) Which of the following is equal to C(BA), where A = 0 2 |,
147 1—1
[ —1—i 0 —i] i —1
B__O 24 —5_’0_[0 z]
[ 1450 6—10i |
A |55 —9—5i |

[ —1+5 6—10:
(B)_ 5+ 5i 1—@]

[ —1+5i 6+ 10:
(C)_ 5+ 5i 1—@]

[ —1+5 6—10:
(D)_ 5+ 5i 9—&1

(E) None of the others.
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7] 2. Consider the basis B = {v;,vy,v3} for R® (with the Euclidean inner product), where
V1 = (1, 1, 0),’02 = (3, 1, O),Ug = (0, 1,4)

(a) Is B an orthonormal basis? (explain briefly.)

(b) If the answer to (a) is “no”, convert B to an orthonormal basis B’ by applying the
Gram -Schmidt process.

(¢) Let w = (0,1,1). Find (u)p the coordinate vector of u relative to the orthonormal
basis B'.
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[10] 3. Given the weighted Euclidean inner product defined by < u,v >= 3u;0; + dusty in C?,
and let u = (—i,1),v = (4, 31).

(a) Find < u,v >,||ul| and d(u,v).

(b) Verify < u,v >=<v,u>.

(c) Let w = tu+v. Find the value of ¢ so that w and v are orthogonal.

(d) Define a new function < u,v >= u10; — 3us¥s(*) for any two vectors u = (uy, us),v =
(v1,v2) in C?. Ts this function an inner product in C?? (why or why not?)
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[10] 4. Let T': R* — R be the linear transformation defined by

T + 31’2 + 2ZL‘3
T = 2SB1 + 51‘2 + T3 + Ty
3r1 + 4xs — 9x3 + bay

(a) Find the standard matrix A for T'.

(b) Find a basis for the kernel of 7" and nullity(7").

(c) Find a basis for the range of T" and rank(T).

(d) State the dimension theorem for linear transformations and verify it with the above 7.
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)
(e) Is the vector | 9 | in the range of T
10

(f) Is the vector in the kernel of 7'

—_

8] 5. Let T : R*> — R? be the linear transformation defined by T'(z1, z2) = (371 + T2, 11 — T2)
and B = {u1,us} and B’ = {v1,v5} be bases for R? where u; = (1,1),us = (1,—1) and

vy = (1,1),v9 = (1,5).

(a) Find the transition matrix P from B’ to B.

(b) Find P~
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1

(¢) Given [X]p = [ s

] . Find [X]p.

(d) Find [T]p p the matrix for T" with respect to the bases B, B'.

[10] 6. Let T : P, — P be the linear operator such that T'(ag + a2z + asx?) = 3ag+ (ag + 2as)x +
(—CLO + 3@1 + CLQ).Z‘Q.

(a) Find the matrix A for T' with respect to the standard basis B = {1, z, 2%}.

(b) Find the eigenvalues of T'.
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(c) Find bases for the eigenspaces of T

(d) Find an invertible matrix P which diagonalizes matrix A (i.e. P~'AP is diagonal).

(e) Find a basis B’ for P, such that [T]p the matrix for T with respect to the basis B’ is
diagonal and write out this diagonal matrix.
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[15] 7. Do only three (3) of the following:

(a) Let V be a real inner product space and u,v be any vectors in V. Show that if v and
v are orthogonal, then ||2u — 3v||* = 4]|u||? + 9]|v]|?.

(b) Prove that if matrices A and B are similar, then A*> and B? have the same eigenvalues
(Hint: Prove that |\ — B3| = |\ — A3].)

(c) Suppose that Aj, Ay are distinct eigenvalues of the matrix A, and X, X, are eigenvectors
corresponding to Ay, Ag respectively. Show that X, X, are linearly independent.

(d) Show that if A has an eigenvalue ), then 2A + A? has an eigenvalue 2\ + 2.

(e) Let T: V — W be a linear transformation. Show that Ker(T) the kernel of T is a
subspace of V.

30]
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